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1 Introduction
The idea that, in accordance with the Strominger-Yau-Zaslow conjecture [25], a kind
of Fourier-Mukai transform should describe transformation properties of D-branes under
string-theoretic mirror symmetry dates back to 1996 [9]. The original Fourier-Mukai trans-
form, mapping coherent sheaves on an abelian variety X to coherent sheaves on the dual
variety Xˆ , was introduced in [22]. A relative Fourier-Mukai transform for elliptic varieties
was developed in [4, 7, 16, 5] and was shown to describe a correct D-brane transformation
pattern in the case of K3 surfaces [4, 3]. An analogous result was shown to hold for elliptic
Calabi-Yau threefolds in [1].
In the case of Calabi-Yau threefolds which are fibred in (special Lagrangian) real 3-
tori, a similar description should be provided by a “real” relative Fourier transform. The
presence of singular fibres raises here a big problem because it is not clear how to handle
them. As a first step, one may consider the simplified case when there are no singular
fibres.
If X is a symplectic family of smooth Lagrangian tori, the dual family Xˆ has a natural
complex structure. Then the relative Fourier transform yields a correspondence between
local systems supported on Lagrangian submanifolds of X and holomorphic vector bundles
supported on complex submanifolds of Xˆ , where both sets of data satisfy suitable conditions
(cf. later in this introduction). Some results along these lines were already contained in [2]
but we strengthen and extend them considerably (cf. also [19]). We also carefully spell out
the conditions on the submanifold S of X which ensure that the support of the transformed
sheaf is a complex submanifold of Xˆ .
The correspondence we get closely resembles Fukaya’s homological mirror symmetry
[12]. Comparison with that approach suggests that in order to extend the results pre-
sented in this paper to more general Lagrangian submanifolds (e.g., when the Lagrangian
submanifold S is ramified over the base of the fibration X), or to the situation when X
has singular fibres, it is necessary to allow for some kind of quantum corrections. Future
extensions of the theory should also allow for the inclusion of a B-field and should inves-
tigate the possibility of describing the correspondence between the Floer homology of X
and the algebraic cohomology of Xˆ in terms of the Fourier-Mukai transform studied in this
paper. One could also study the relation between the transform presented in this paper
and the constructions of Laumon [18] and Rothstein [24]; the local systems we transform
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are D-modules, the same objects considered by these authors. This might also relate to
possible applications to generalizations of the Krichever correspondence along the lines of
[23].
We describe now the contents of this paper. As a preliminary step, in section 2 we
consider the absolute case. In its simplest version one constructs two functors which
establish the equivalence between the category Sky(T ) of skyscraper sheaves of finite-
dimensional vector spaces on a real torus T , and the category Loc(Tˆ ) of unitary local
systems (vector bundles with a flat unitary connection) on the dual torus Tˆ . We also
study the transformation of a local system supported on an affine subtorus of T .
In section 3 we consider the relative case. In 3.1 we set up the general framework.
Then, in considering local systems supported on a Lagrangian submanifold of a symplectic
torus fibration X → B, we first analyze the two extreme cases, i.e., when the submanifold
is a fibre of X or a Lagrangian section (section 3.2). In the first case one gets the usual
tautological property of the Fourier-Mukai transforms, while in the second one obtains a
bijective correspondence between local systems supported on Lagrangian sections of X and
holomorphic bundles with compatible unitary connections, flat along the fibre directions
of Xˆ (and satisfying some further conditions).
The intermediate, non-transversal cases (i.e., when one considers a Lagrangian sub-
manifold S ⊂ X whose projection onto B has a dimension strictly between 0 and dimB)
are more involved, and are analyzed in section 3.3. To get a well-behaved transform one
needs to assume that S intersects the fibres Xb of X (here b ∈ B) along subtori Sb of Xb,
and that the vertical tangent spaces to S undergo parallel displacement under the natural
Gauss-Manin connection defined in TX . Under this condition the transform of a local sys-
tem on S is a holomorphic vector bundle supported on a complex submanifold of Xˆ, and
again, provided that suitable conditions are satisfied, there is a bijective correspondence
between the two sets of data.
These result hold true whatever is the dimension of X , and do not require X to be
Calabi-Yau (and not even complex). One should note that, when X is a Calabi-Yau mani-
fold, the additional condition on the support S we have previously described is in general
quite unrelated to the condition of S being special (in addition to being Lagrangian), and
coincides with the latter only when X is complex 3-dimensional, and the projection of
the Lagrangian submanifold onto the base is (real) 1-dimensional (this corresponds to a
3
transformed sheaf which is a line bundle supported on a curve in Xˆ). It is not clear to the
authors whether this situation has any implication or motivation in string theory.
In section 4 we draw some conclusions, in particular we comment upon the relation of
this construction to Fukaya’s homological mirror symmetry.
Two Appendices contain two proofs that, sketchy as they are, are too lengthy to be
included in the main text.
Acknowledgements. We are thankful to K. Fukaya and D. Herna´ndez Ruipe´rez for
useful discussions.
2 The absolute case
We start this section by offering a description of (smooth) U(1) bundles on real tori in terms
of their factor of automorphy which fully parallels the one available (in the holomorphic
case) on complex tori (cf. [17]). This description of line bundles will be extensively used in
the remainder of the paper. In section 2.2 we describe two complexes which are naturally
associated with the Poincare´ sheaf. In section 2.3 we introduce and study the functors
which establish the equivalence between the category of skyscrapers and that of local
systems; the computation of the second functor will require the study of the cohomology
of a complex associated with the Poincare´ bundle. In section 2.4 we consider local systems
supported on subtori.
2.1 Line bundles on real tori
Let Λ be a g-dimensional lattice in a g-dimensional real vector space V , and let T = V/Λ
be the corresponding torus. Let Pic(T ) denote the group of isomorphism classes of U(1)
bundles on T . The group Pic(T ) is isomorphic to a group P (Λ) we may associate with the
lattice Λ in the following way. As a set, P (Λ) is the set of pairs (A, χ), where A ∈ Alt2(Λ,Z)
is an alternating two-form on Λ, and χ is a semicharacter for A, namely, a map χ: Λ→ U(1)
such that
χ(λ+ µ) = χ(λ)χ(µ) eiπA(λ,µ)
for all λ, µ ∈ Λ. The group structure is the one given by
(A1, χ1) · (A2, χ2) = (A1 + A2, χ1 χ2).
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The isomorphism Pic(T ) ≃ P (Λ) is the Appell-Humbert theorem for real tori. Via the
isomorphism Alt2(Λ,Z) ≃ H2(T,Z), the form A is to be identified with the first Chern
class. In this way we have an exact sequence
0→ HomZ(Λ, U(1))→ Pic(T ) c1−→ H2(T,Z)→ 0
and the kernel HomZ(Λ, U(1)), whose elements are isomorphism classes of flat U(1) bundles,
is isomorphic to the dual torus Tˆ = V ∨/Λ∨ (here V ∨ = HomR(V,R), Λ
∨ = HomZ(Λ,Z)).
To every point y ∈ Tˆ there corresponds a flat line bundle Ly whose associated pair is
Ay = 0, χy(λ) = e
2iπ y(λ).
The description of the bundle L by means of the pair (A, χ) allows one to give an
explicit characterization of the global sections of L. To this end one introduces the factor
of automorphy of the pair (A, χ), defined as the map
aL:V × Λ→ U(1), aL(x, λ) = χ(λ) eiπA(x,λ)
(here A has been extended to V × V in the natural way).
Proposition 2.1. Let L be a line bundle on T , corresponding to the pair (A, χ) ∈ P (Λ).
The global sections of L are in a one-to-one correspondence with the smooth functions
s:V → C satisfying the automorphy condition
s(x+ λ) = aL(x, λ) s(x)
for all x ∈ V , λ ∈ Λ.
Proof. The proof is a (simplified) replica of the one holding in the case of complex tori
[17].
The action of an automorphism of L changes the factor of automorphy; an automor-
phism of L is induced by a map φ:V → U(1), and the new factor of automorphy is
a′L(x, λ) = φ(x+ λ) aL(x, λ)φ(x)
−1.
Now we use these tools to describe the Poincare´ bundle P on the product T × Tˆ . The
line bundle P is associated with the pair (A, χ) ∈ P (Λ× Λ∨), where
A((λ1, µ1), (λ2, µ2) = µ1(λ2)− µ2(λ1), χ(λ, µ) = eiπµ(λ).
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The corresponding factor of automorphy is
aP(x, y, λ, µ) = e
iπ[y(λ)−µ(x)−µ(λ)].
It is convenient to apply the automorphism induced by the map
φ:V × V ∨ → U(1), φ(x, y) = eiπ y(x)
thus obtaining a new factor of automorphy
a′P(x, y, λ, µ) = e
2iπ y(λ). (1)
This description of the Poincare´ bundle shows explicitly that P|T×{y} ≃ Ly.
The connection form of the connection ∇P on the Poincare´ bundle is written in the
gauge where the factor of automorphy of P has the form (1) as
A = 2i π
g∑
j=1
yj dx
j (2)
where (x1, . . . , xg) are flat coordinates on T and (y1, . . . , yg) are dual flat coordinates on
Tˆ .
If we act on aP with the automorphism φ(x, y) = e
−iπ y(x) we obtain the factor of
automorphy a′′P(x, y, λ, µ) = e
−2iπ µ(x) which shows that, after the identification
ˆˆ
T ≃ T , the
dual bundle P∨ is a Poincare´ bundle for Tˆ × T .
2.2 Complexes associated with the Poincare´ sheaf
We denote by p, pˆ the projections onto the two factors of T × Tˆ . To simplify notation we
shall set1
Ωm,n = p∗ΩmT ⊗C∞
T×Tˆ
pˆ∗Ωn
Tˆ
.
1A word about notation: if f :X → Y is a differentiable map between two differentiable manifolds,
and F any sheaf on Y , we shall denote by f−1F the sheaf-theoretic inverse image of F ; if F is a sheaf of
C∞Y -modules, we shall denote by f∗F its inverse image as a sheaf of modules, i.e.,
f∗F = f−1F ⊗f−1C∞
Y
C∞X .
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The connection ∇P has a Ku¨nneth splitting into two operators
∇1:P → P ⊗ Ω1,0, ∇2:P → P ⊗ Ω0,1
both squaring to zero (but their anticommutator is the curvature of ∇P). In the gauge of
equation (1), the action of ∇1, ∇2 on sections is locally written in the form
∇1s =
g∑
j=1
(
∂s
∂xj
+ 2iπ yj s
)
dxj , ∇2f =
g∑
j=1
∂f
∂yj
dyj, (3)
where g is the dimension of T .
Let E be a C∞T -module with a flat connection ∇. By pulling the pair (E ,∇) back to
T × Tˆ and coupling it with the pair (P,∇1) we obtain a complex
0 → ker∇E1 → p∗E ⊗ P
∇E
1−→ p∗E ⊗ P ⊗ Ω1,0
∇E
1−→ p∗E ⊗ P ⊗ Ω2,0 → . . .
Since locally the operator ∇E1 coincides with the exterior differential, this sheaf complex is
exact, and is a fine resolution of the sheaf ker∇E1 . Thus we obtain an isomorphism
H i(T × U, ker∇E1 ) ≃ H i((p∗E ⊗ P ⊗ Ω•,0)(T × U),∇E1 ), i ≥ 0
between the cohomology of the sheaf ker∇E1 and the cohomology of the complex (p∗E ⊗
P ⊗ Ω•,0)(T × U) (where U is an open set in Tˆ ) acted upon by the differential ∇E1 . The
sheaf Ripˆ∗ ker∇E1 associated with the presheaf U  H i(T × U, ker∇E1 ) is the ith higher
direct image of the sheaf ker∇E1 to Tˆ .
The same results hold for the operator ∇2. The cohomology of the complex (Γ(P∨ ⊗
Ω0,•),∇2) will be computed in section 2.3.
2.3 The equivalence
For every real torus T we consider
(i) the category Sky(T ) of skyscrapers on T of total finite length (i.e., dimH0(T,M) <
∞ for all M ∈ Ob(Sky(T )));
(ii) the category Loc(T ) of unitary local systems on T . Objects of this category are
pairs (E,∇), where E is a smooth complex vector bundle on T , and ∇ is a flat unitary
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connection. Morphisms in this category are vector bundle morphisms compatible with the
connections. The objects in Loc(T ) can also be regarded as locally free CT -modules of
finite rank equipped with a hermitian metric defined up to homothety; under this disguise,
a unitary local system will be typically denoted by a gothic letter. We shall freely switch
from one picture to the other.
We now define the functor F :Sky(T ) → Loc(Tˆ ) [2]. Let M be a skyscraper of fi-
nite length on T supported on a 0-dimensional subset S, with the C∞T -structure given by
evaluation of functions. Denoting by PS the restriction of P to S × T , and by pS, pˆS
the projections of S × Tˆ onto its factors, we define Eˆ as the sheaf pˆS,∗(p∗SM ⊗ PS). This
is locally free of finite rank, so that it is the sheaf of sections of a vector bundle Eˆ, with
rk Eˆ = length(M). Moreover, the operator ∇2 naturally extends to p∗SM⊗PS, and induces
an operator ∇ˆ : Eˆ → Eˆ ⊗ Ω1
Tˆ
which is a unitary flat connection. Standard checks show
that this procedure does define a functor.
Example 2.2. Let C(x) denote the one-dimensional skyscraper at x ∈ T . One has
F(C(0)) ≃ CTˆ . Indeed, in this case we have p∗M⊗P ≃ C∞{0}×Tˆ , and, in view of equations
(2), (3), the operator ∇2 reduces on this sheaf to the exterior differential along the Tˆ
direction. As a consequence, (Eˆ, ∇ˆ) = (C∞
Tˆ
, d), and F(C(0)) = ker d ≃ CTˆ . △
For every x ∈ T let tx be the associated translation, tx(x′) = x+x′. Moreover, identify
ˆˆ
T with T . The following result is easily proved.
Proposition 2.3. For every x ∈ T and M ∈ Ob(Sky(T )) there is an isomorphism
F(t−1x M) ≃ L−x ⊗F(M).
As a consequence, in view of Example 2.2, we have
Corollary 2.4. For every x ∈ T one has F(C(x)) ≃ L−x.
This defines the action of the functor F on the whole category Sky(T ).
Now we construct the inverse functor. Let (Eˆ, ∇ˆ) be an object in Loc(Tˆ ), and let Eˆ
be the sheaf of sections of Eˆ. As we did in the previous section, but reversing the roles
of T and Tˆ , we consider on the sheaf pˆ∗Eˆ ⊗ P∨ an operator ∇ˆEˆ2 obtained by coupling (the
pullback of) ∇ˆ with the operator ∇ˆ2 (the Tˆ -component of the connection of P∨). We shall
eventually prove the following.
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Proposition 2.5. 1. Rjp∗ ker ∇ˆEˆ2 = 0 for j = 0, . . . , g − 1;
2. The sheaf Rgp∗ ker ∇ˆEˆ2 is a skyscraper of finite length.
The functor Fˆ is defined as Fˆ((Eˆ, ∇ˆ)) = Rgp∗ ker ∇ˆEˆ2 .
As a first step we compute the action of Fˆ on the trivial line bundle, i.e, we take
Eˆ = C∞
Tˆ
and ∇ˆ = d. Thus we want to compute the sheaves Rjp∗ ker ∇ˆ2. To this end we
shall study the presheaves
U  Hj(U × Tˆ , ker ∇ˆ2) ≃ Hj
(
(P∨ ⊗ Ω0,•)(U × Tˆ ), ∇ˆ2
)
whose associated sheaves are exactly the sheaves we are interested in.
As a first result we have
Proposition 2.6. H0(U × Tˆ , ker ∇ˆ2) = 0 for all open sets U ⊂ T , so that p∗ ker ∇ˆ2 = 0.
Proof. An element of H0(U × Tˆ , ker ∇ˆ2) restricted to {x}× Tˆ , with x ∈ U , yields a global
section of Lx, which is zero unless x = 0. By a density argument we get the result.
To compute the higher-order direct images we first consider the case g = 1.
Proposition 2.7. If g = 1, then R1p∗ ker ∇ˆ2 ≃ C(0).
Proof. We compute the cohomology groups H1(U × Tˆ , ker ∇ˆ2) ≃ H1((P∨ ⊗ Ω0,•)(U ×
Tˆ ), ∇ˆ2). We represent T as R = /Zλ, with λ ∈ R∗, and Tˆ = R/Zµ, with µ = 1/λ. Let W
be the inverse image of U in R.
We work now in a gauge where the factor of automorphy of P∨ is e2iπ µ(x), and the
operator ∇ˆ2 is the Tˆ -part of the exterior differential. An element in ((P∨ ⊗ Ω0,1)(U ×
Tˆ ), ker ∇ˆ2) may be written as τ = t(x, y) dy, where t is a function on W × V ∨ satisfying
the automorphy condition
t(x, y + µ) = t(x, y) e2iπ µ(x).
If τ is a coboundary, τ = ∇ˆ2s, one has
s(x, y) =
∫ y
0
t(x, u) du+ c(x).
The function s must satisfy the automorphy condition, which amounts to the following
condition on c:
c(x)(1− e2iπ µ(x)) = −
∫ µ
0
t(x, u) du. (4)
9
If 0 /∈ U this condition may be solved for c, so thatH1(U×Tˆ , ker ∇ˆ2) = 0. Thus R1p∗ ker ∇ˆ2
is a skyscraper supported at 0 ∈ T .
If 0 ∈ U , the condition (4) may be solved if and only if∫ µ
0
t(0, u) du = 0
so that H1(U × Tˆ , ker ∇ˆ2) ≃ C. This proves the claim.
We move to the higher-dimensional case by means of a Ku¨nneth-type argument.
Proposition 2.8. If dimT = g we have
1. Rjp∗ ker ∇ˆ2 = 0 for j = 0, . . . , g − 1;
2. Rgp∗ ker ∇ˆ2 ≃ C(0).
Proof. A choice of flat coordinates (x1, . . . , xg) on T fixes an isomorphism T ≃ S1× . . . S1.
The Poincare´ sheaf P on T × Tˆ is the product of the Poincare´ sheaves Pi on the i factors of
T × Tˆ , as one can check for instance by describing the Poincare´ bundles by their factors of
automorphy. Let U ⊂ T be of the form U = U1× . . .×Ug where each Ui lies in a factor of
Tˆ . If g = 2, a word-by-word translation of the Ku¨nneth theorem for de Rham cohomology
(cf. e.g. [6]) gives a decomposition
Hj(U × Tˆ , ker ∇ˆ2) =
⊕
m+n=j
Hm(U1 × S1, ker ∇ˆ12)⊗Hn(U2 × S1, ker ∇ˆ22)
whence we have, by Proposition 2.6,
Hj(U × Tˆ , ker ∇ˆ2) = 0 for j = 0, 1, H2(U × Tˆ , ker ∇ˆ2) ≃ C.
Induction on g then yields, for every g,
Hj(U × Tˆ , ker ∇ˆ2) = 0 for j = 0, . . . , g − 1, Hg(U × Tˆ , ker ∇ˆ2) ≃ C.
This proves both claims.
So we have also obtained
Hj(T × Tˆ , ker ∇ˆ2) =
{
0 for j = 0, . . . , g − 1,
C for j = g.
Let Lx be the local system corresponding to the line bundle Lx with its flat connection.
In analogy with Proposition 2.3, we have
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Proposition 2.9. Fˆ(L−x ⊗C
Tˆ
S) ≃ t−1x Fˆ(S) for every x ∈ T and every local system S
on Tˆ .
Corollary 2.10. Fˆ(L−x) ≃ C(x) for every x ∈ T .
Remark 2.11. Since any flat vector bundle on a torus is a direct sum of flat line bundles
(i.e., every local system on Tˆ is a direct sum of local systems of the type Lx), Corollary
2.10 completely describes the action of the functor Fˆ . △
Corollaries 2.4 and 2.10 and Remark 2.11 eventually prove
Theorem 2.12. The functors F , Fˆ are inverse to each other, and establish an equivalence
between the categories Sky(T ) and Loc(Tˆ ).
Again, any question related to the behaviour of morphisms under the functor Fˆ is
simply a matter of routine checks.
2.4 Subtori
We consider now the transformation of U(1) local systems supported on affine subtori of
the g-dimensional torus T = V/Λ.
Definition 2.13. A subtorus of T is a subset S ⊂ T of the form S = W/W ∩ Λ, where
W is k-dimensional linear subspace of V such that the lattice W ∩Λ has rank k. An affine
subtorus is a subset of the form S + x for an element x ∈ T .
Let L ≡ (L,∇) be a U(1) local system supported on a k-dimensional affine subtorus
S of T . By coupling the pullback of ∇ with the connection of PS and projecting on the
T -differentials one obtains a complex
0 → ker∇L1 → p∗SL ⊗ PS
∇L
1−→ p∗SL ⊗ PS ⊗ Ω1,0
∇L
1−→ p∗SL ⊗ PS ⊗ Ω2,0 → . . .
Proposition 2.14. 1. Rj pˆS,∗ ker∇L1 = 0 for all j 6= k;
2. RkpˆS,∗ ker∇L1 is supported on a (g − k)-dimensional affine subtorus Sˆ of Tˆ , which is
normal to S;
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3. if L is trivial, then Sˆ goes through the origin of Tˆ , otherwise it is an affine subtorus
translated by the element of Tˆ corresponding to L∗.
4. The sheaf RkpˆS,∗ ker∇L1 on Sˆ is a U(1) bundle, and has a compatible flat connection
which makes it into a U(1) local system Lˆ.
Proof. The proof of this Proposition in given in Appendix A.
Let us describe the content of this Proposition in local coordinates; while this is just simple
linear algebra, the explicit equations we are going to write will help to understand the more
complicated relative situation. Let (y1, . . . , yg) be flat coordinates in T , (w1, . . . , wg) the
corresponding dual flat coordinates in the dual torus Tˆ , and write the equation for the
affine subtorus S in the form
g∑
j=1
aij y
j + χi = 0, i = 1, . . . , g − k .
The equations
∑g
j=1 a
i
j y
j = 0 describe a corresponding “linear subtorus” S0; the equations
of the dual torus S∗0 may be written implicitly as
g∑
j,ℓ=1
aij g
jℓwℓ = 0 , i = 1, . . . , g − k ,
where the constant functions gjℓ are the components of the natural flat metric on Tˆ , or
explicitly as
wℓ =
k∑
m=1
a˜mℓ ξm , ℓ = 1, . . . , g (5)
for a suitable k × (g− k) matrix a˜. The specification of the local system L corresponds to
a choice of the parameters (ξ1, . . . , ξk) in equation (5). The support Sˆ of the transformed
local system is given by equations
g∑
j=1
γjmwj + ξm = 0 , m = 1, . . . , k ,
where γjℓ is a matrix satisfying
∑g
j=1 γ
j
ℓ a
i
j = 0. The local system Lˆ is given by the point
in Sˆ∗0 whose coordinates are the numbers χ
i.
The pair (Sˆ, Lˆ) is the Fourier-Mukai transform of the pair (S,L). Of course we may
perform the same transformation from Tˆ to T (in addition to the obvious replacements,
one twists by P∨ instead of P), and we have:
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Proposition 2.15. The Fourier-Mukai transform of (Sˆ, Lˆ) is naturally isomorphic to the
pair (S,L).
Let Lock(T ) be the category of U(1) local systems supported on affine subtori of T of
dimension k. Objects of this category are triples (S,L,∇) (where S is an affine subtorus in
T , L a line bundle on S, and ∇ a flat unitary connection on L) modulo isomorphisms, i.e.,
modulo vector bundle isomorphisms which commute with the actions of the connections
(the two line bundles having the same support). The space of morphisms between two
objects (S1,L1,∇1) and (S2,L2,∇2) of Lock(T ) is defined by taking into account that the
intersection S = S1∩S2 is a (possibly empty) finite collection of (possibly zero-dimensional)
affine tori Ri, and one sets
Mor((S1,L1,∇1), (S2,L2,∇2)) =
⊕
i
Mor∇((Ri,L1,∇1), (Ri,L2,∇2)),
where Mor∇((Ri,L1,∇1), (Ri,L2,∇2)) is the set of morphisms between L1|Ri and L2|Ri
compatible with the connections ∇1 and ∇2. It is easy to check that the Fourier-Mukai
transform yields an equivalence of categories
Lock(T ) ≃ Locg−k(Tˆ ) .
3 Relative theory
3.1 The geometric setting
Let (X,ω) be a connected symplectic manifold admitting a map f :X → B whose fibres
are g-dimensional smooth Lagrangian tori. We assume that f admits a Lagrangian section
σ:B → X ; according to [10], this makes X isomorphic, as a symplectic manifold fibred in
Lagrangian submanifolds, to a quotient bundle T ∗B/Λ, where Λ is a Lagrangian covering
of B. The symplectic form ω provides an isomorphism Vert TX ≃ f ∗T ∗B. We also have an
identification TB ≃ R1f∗R⊗C∞B , and this endows TB with a flat, torsion-free connection
∇GM — the Gauss-Manin connection of the local system R1f∗R. The holonomy of this
connection coincides with the monodromy of the covering Λ (indeed, the horizontal tangent
spaces may be identified with the first homology groups of the fibres with real coefficients).
Let Xˆ = R1f∗R/R
1f∗Z be the dual family, with projection fˆ : Xˆ → B. Dualizing the
isomorphism Vert TX ≃ f ∗T ∗B we get a new isomorphism Vert TXˆ ≃ fˆ ∗TB; combining
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this with the splitting of the Atiyah sequence
0→ VertTXˆ → TXˆ → fˆ ∗TB → 0
provided by the Gauss-Manin connection (which can be regarded as a connection on TXˆ),
one has a splitting
TXˆ ≃ fˆ ∗TB ⊕ fˆ ∗TB .
By letting J(α, β) = (−β, α) this induces a complex structure on Xˆ, such that the holo-
morphic tangent bundle to Xˆ is isomorphic, as a smooth bundle, to fˆ ∗TB ⊗ C.
We shall systematically use on X local action-angle coordinates (x1, . . . , xg, y1, . . . , yg):
thus the x’s are local coordinates on B, and for fixed values of the x’s, the y’s are flat
coordinates on the corresponding torus, dual to an integral homology basis. On Xˆ we
consider local coordinates (x1, . . . , xg, w1, . . . , wg) such that the w’s are dual coordinates
to the y’s. Local holomorphic coordinates on Xˆ are given by zj = xj + iwj.
In this relative context it is natural to consider the fibre product Z = X ×B Xˆ of the
fibrations X and Xˆ . We shall denote by p, pˆ the projections of Z onto its factors. On
Z there is a Poincare´ bundle P which may be described in an intrinsic way, however, it
is enough to say that P a line bundle on X ×B Xˆ equipped with a U(1) connection ∇P
whose connection form may be written in a suitable gauge as
A = 2i π
g∑
j=1
wj dyj .
Moreover, P has the property that for every ξ ∈ Xˆ , P|pˆ−1(ξ) is isomorphic to Lξ (the line
bundle parametrized by ξ) as a U(1) bundle.
If S is a closed submanifold of X , we define ZS = S ×B Xˆ , with projections pS, pˆS
onto the two factors, and denote PS = P|ZS . We shall assume that XˆS = pˆ(ZS) is a closed
submanifold of Xˆ , and that pˆS:ZS → XˆS is a submersion (in the remainder of this section
we shall tacitly understand that these conditions are satisfied, while in the subsequent
sections they will hold as a consequence of other assumptions). We consider the exact
sequence
0→ pˆ∗SΩ1XˆS → Ω1ZS
r−→ Ω1
ZS/XˆS
→ 0 (6)
which defines the sheaf Ω1
ZS/XˆS
of pˆS-relative differentials. The Gauss-Manin connection
∇GM provides a splitting of this exact sequence. Analogously, if Sˆ is a closed submanifold
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of Xˆ , we have a split exact sequence
0→ p∗
Sˆ
Ω1
XSˆ
→ Ω1Z
Sˆ
rˆ−→ Ω1
Z
Sˆ
/XSˆ
→ 0 (7)
which defines the sheaf Ω1
Z
Sˆ
/XSˆ
of pSˆ-relative differentials. For every sheaf E of C∞S -modules
endowed with a flat connection ∇, one defines the following differential operators:
(i) the operator
∇E : p∗SE ⊗ PS ⊗ Ω•ZS → p∗SE ⊗ PS ⊗ Ω•+1ZS ,
obtained by coupling the pullback of the connection ∇ with the connection of the Poincare´
sheaf;
(ii) the operators ∇Er , ∇Erˆ obtained by composing ∇E with the projections r, rˆ onto the
relative differentials. One has (∇Er )2 = (∇Erˆ )2 = 0.
We shall consider the higher direct images RipˆS,∗ ker∇Er , which are the cohomology
sheaves of the complex
pˆS,∗(p
∗
SE ⊗ PS)
∇Er−→ pˆS,∗(p∗SE ⊗ PS ⊗ Ω1ZS/XˆS)
∇Er−→ pˆS,∗(p∗SE ⊗ PS ⊗ Ω2ZS/XˆS )→ . . . (8)
As in the usual theory of the Fourier-Mukai transform, it is convenient to introduce a
WIT notion.2
Definition 3.1. The pair (E ,∇) is said to be WITk if RipˆS,∗ ker∇Er = 0 for i 6= k.
Now we want to state a condition for the sheaves Rj pˆS,∗ ker∇Er to admit a connection
induced, so to say, by the part of the operator ∇E complementary to ∇Er . The splitting of
the exact sequence (6) provided by the Gauss-Manin connection ∇GM allows one to make
a splitting
∇E = ∇Er + ∇ˆE .
The ∇ˆE operator induces connections on the higher direct images Rj pˆS,∗ ker∇Er provided
it anticommutes with the operator ∇Er . The anticommutator ∇Er ◦ ∇ˆE + ∇ˆE ◦ ∇Er may be
regarded as an operator p∗SE ⊗ PS → p∗SE ⊗ PS ⊗ Ω2ZS and as such it coincides with the
restriction to ZS of 1 ⊗ F, where F is the curvature of the connection ∇P of the Poincare´
bundle. As a consequence, we have:
2Let us recall that “WIT” stands for “weak index theorem.”
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Proposition 3.2. Assume that the sheaf E is supported on a closed submanifold S ⊂ X,
the sheaf Rj pˆS,∗ ker∇Er is supported on a closed submanifold Sˆ ⊂ Xˆ, and the curvature
operator F vanishes on S ×B Sˆ ⊂ Z. Then the operator ∇ˆE induces a connection on the
sheaf Rj pˆS,∗ ker∇Er .
Eventually, we may introduce the Fourier-Mukai transform we shall study in the re-
mainder of this paper.
Definition 3.3. If the pair (E ,∇) is WITk and satisfies the condition in Proposition 3.2,
the pair (Eˆ , ∇ˆ), where Eˆ = RkpˆS,∗ ker∇Er and ∇ˆ is the connection induced as in Proposition
3.2, is called the Fourier-Mukai transform of (E ,∇) .
We end this section with an easy lemma which is useful when checking if the WIT
property holds for some sheaf and connection.
Lemma 3.4. Let (E ,∇) be a local system supported on a closed submanifold S of X which
intersects every fibre Xb along a closed submanifold Sb. For every j = 1, . . . , g there is a
canonical isomorphism
(Rj pˆS,∗ ker∇Er )|Xˆb
∼−→ Rj pˆSb,∗ ker∇Eb1 , (9)
where b = pˆ(ξ), pˆb:Xb × Xˆb → Xˆb is the projection onto Xˆb and Eb is the restriction of E
to Sb.
Proof. The restriction (Rj pˆS,∗ ker∇Er )|Xˆb is defined as ˆ−1b Rj pˆS,∗ ker∇Er ⊗ˆ−1b C∞Xˆ C
∞
Xˆb
(here
jb:Sb → X and ˆb: Xˆb → Xˆ are the natural inclusions). The result is proved by applying
the topological base change [13] to the diagram
Sb × Xˆb
jb×ˆb
//
pˆb

S ×B Xˆ
pˆ

Xˆb
ˆb
// Xˆ
3.2 Fibres and Lagrangian sections
In studying the transformation of local systems supported by Lagrangian submanifolds we
start by considering the case where the submanifold is either a fibre or a Lagrangian section.
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The first case is the simplest to deal with. It is enough to consider the case rankL = 1,
since the higher rank case reduces immediately to this. The isomorphism class of the local
system L∗ singles out a point in Xˆ , which we denote by [L∗]. Since Xb ×B Xˆ ≃ Xb × Xˆb,
we obtain the usual “tautological” property of the Fourier-Mukai transform.
Proposition 3.5. The pair (L,∇) ≡ L is WITg, and the sheaf Lˆ = Rgpˆ∗ ker∇Lr is iso-
morphic to the skyscraper C([L∗]).
Now we construct a transform for U(1) local systems supported on Lagrangian sections
of X → B. This will generalize the tautological correspondence that in the absolute case
holds between skyscrapers of length one on a torus and U(1) local systems on the dual
torus. The transform will produce holomorphic line bundles on Xˆ with compatible U(1)
connections which satisfy some further conditions.
Let S ⊂ X be the image of a Lagrangian section of X → B, and L ≡ (L,∇) a U(1)
local system on S.
Proposition 3.6. 1. The pair (L,∇) is WIT0;
2. Lˆ = pˆS,∗ ker∇Lr is a rank-one locally free C∞Xˆ -module.
Proof. Both claims follows from Lemma 3.4 and the absolute case.
Since F|S×BXˆ = 0 the conditions of Proposition 3.2 are met, so that Lˆ carries a U(1)
connection ∇ˆ. Let us express this connection in (action-angle) coordinates. We write the
local equations of S as yj = ǫj(x); as S is Lagrangian, one has
∂ǫj
∂xm
=
∂ǫm
∂xj
. Moreover,
the x’s can be thought of as local coordinates on S. If the connection form of ∇ is
A = i
∑g
j=1Aj(x) dx
j , with
∂Aj
∂xℓ
= ∂Aℓ
∂xj
, then ∇ˆ may be represented by the connection form
Aˆ = i
g∑
j=1
Aj(x) dx
j − 2iπ
g∑
j=1
ǫj(x) dw
j .
In these coordinates the components of the connection form Aˆ do not depend on the w’s.
Moreover, both the horizontal and vertical part (with respect to the splitting given by the
Gauss-Manin connection) are flat, and in particular, the restriction of ∇ˆ to any fibre Xˆb
of Xˆ → B is flat.
Remark 3.7. The independence of the components Aˆ on the w’s can be stated invariantly
in a variety of ways. For instance, one can use the fact that the zero-section of Xˆ makes
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the latter into a (trivial) principal T g-bundle over B; then, ∇ˆ commutes with the action
of T g on Xˆ . △
The Hodge components of curvature form Fˆ of this connection may be written —
recalling that in the complex structure we have given to Xˆ the coordinates zj = xj + iwj
are complex holomorphic — as
Fˆ 2,0 =
π
2
∑
k,j
∂ǫj
∂xk
dzk ∧ dzj
Fˆ 0,2 = −π
2
∑
k,j
∂ǫj
∂xk
dz¯k ∧ dz¯j
Fˆ 1,1 =
π
2
∑
k,j
(
∂ǫk
∂xj
+
∂ǫj
∂xk
) dzk ∧ dz¯j .
Since S is Lagrangian we have Fˆ 0,2 = Fˆ 2,0 = 0, so that Lˆ may be given a holomorphic
structure compatible with the connection ∇ˆ. Moreover, we have
Fˆ 1,1 = π
∑
k,j
∂ǫk
∂xj
dzk ∧ dz¯j .
Definition 3.8. The Fourier transform of (S,L) is the pair (Lˆ, ∇ˆ).
3.3 The non-transversal case
The results in section 3.2 can be generalized to local systems supported on Lagrangian
submanifolds of X other than sections. This allows us to enlarge the “dual” category
on which the inverse Fourier-Mukai transform (defined in section 3.4) acts, to a category
of sheaves with connection (satisfying some suitable conditions) supported by complex
submanifolds of Xˆ. Such sheaves arise naturally in Fukaya’s treatment of mirror symmetry
[12]. We shall be interested in transforming local systems supported on a submanifold S
of X such that:
(C1) S is a Lagrangian subvariety of X ;
(C2) the intersection Sb = S ∩Xb of S with a fibre of X , when nonempty, is a (possibly
affine) subtorus Sb of Xb whose dimension does not depend on b.
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Let L ≡ (L,∇) be a U(1) local system on S. Its Fourier-Mukai transform at the sheaf
level is
Lˆ = RmpˆS,∗ ker∇Lr
where m is the dimension of the tori Sb. Indeed, one has:
Proposition 3.9. If the conditions C1 and C2 are satisfied, the sheaf L is WITm.
Proof. It follows from Lemma 3.4 and Proposition 2.14.
Lemma 3.4 and Proposition 2.14 also imply that after restriction to its support, Lˆ is
a line bundle. We shall now show that, under some suitable conditions on the support S,
the transform Lˆ is supported on a complex submanifold Sˆ of the dual family Xˆ . More
precisely, we assume:
(C3) the vertical tangent spaces of the family of subtori {Sb}b∈f(S) are parallelly trans-
ported by the Gauss-Manin connection ∇GM regarded as a connection in TX .
This requirement can be translated into a more explicit form in terms of the action-
angle coordinates (x, y) we have previously introduced, in that it amounts to the condition
that the family of subtori {Sb} can be written as
g∑
j=1
aji yj + χi = 0 , i = 1, . . . , g −m
with the matrix aji constant and the χi’s local functions on B.
Lemma 3.10. Conditions C1, C2 and C3 imply that f(S) is a submanifold of B of di-
mension k = g − m, and that it can be parametrized by the first k action coordinates
xj.
Proof. The first claim follows from the fact that the horizontal part of the tangent space
to S has constant dimension; the second from the Lagrangian condition which implies that
the local equations of f(S) in B are linear in the action coordinates.
Proposition 3.11. Let (S,L,∇) be a local system supported on a Lagrangian submanifold
S fulfilling the conditions C1 and C2. The condition C3 is satisfied if and only if the support
Sˆ of the transform Lˆ is a complex submanifold of Xˆ.
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Proof. A proof is given in Appendix B.
Remark 3.12. In our setting there is no constraint on the dimension ofX , the latter space
is assumed to be just symplectic, and we consider local systems supported on Lagrangian
submanifolds of X . On the other hand, string-theoretic mirror symmetry assumes, on
physical grounds, that X is a (usually 3-dimensional) Calabi-Yau manifold, and one con-
siders special Lagrangian supports.3 In this case, the condition that S is special Lagrangian
implies, for k = 1, that the coefficients aji are constant, so that this is a particular case
within our treatment. On the contrary, for k = 2 the speciality property seems to be
unrelated to the conditions that ensure the support Sˆ to be complex holomorphic. △
Proposition 3.13. Under the conditions of Proposition 3.11, the operator ∇ˆL (cf. section
3.1) induces on Lˆ a U(1) connection.
Proof. This will use the proof of Proposition 3.11 given in Appendix B. We know that ∇ˆL
induces a connection on the Fourier-Mukai transform if the curvature F of the Poincare´
bundle on Z = X ×B Xˆ vanishes on S ×B Sˆ, where S and Sˆ are the supports of L and
Lˆ, respectively. In view of the form of F, this condition is met if for each b ∈ B the
intersections of S and Sˆ with the fibres Xb, Xˆb yield subtori of Xb, Xˆb that are normal to
each other. But looking at the equations of the supports, (10) and (13), and comparing
with the absolute case (Proposition 2.14), we see that this condition is fulfilled.
We shall now prove that Lˆ, as a line bundle on Sˆ, has a holomorphic structure. Let ∇ˆ
be the connection induced on Lˆ.
Proposition 3.14. If the support Sˆ of the transformed sheaf Lˆ is a complex submanifold
of Xˆ, then ∇ˆ induces a holomorphic structure on Lˆ.
Proof. The connection 1-form of the connection ∇ can be written in an appropriate gauge
as
A = i
k∑
j=1
αj(x
1, . . . , xk) dxj + 2i π
g−k∑
ℓ=1
ξℓ dyℓ ,
3Let us recall that a special Lagrangian submanifold of a Calabi-Yau n-fold X is an oriented real n-
dimensional submanifold Y which is Lagrangian w.r.t. the Ka¨hler form of X , and such that one can choose
a global trivialization of the canonical bundle of X whose imaginary part vanishes on Y . For more details
cf. [15].
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with the quantities ξℓ constant. From the proof of Proposition 2.14 given in the Appendix
A we know that the transformed connection ∇ˆ is given in local action-angle coordinates
by the 1-form4
Aˆ = −2i π
g∑
ℓ=g−k+1
χℓ(x
1, . . . , xk) dwℓ + i
k∑
j=1
αj(x
1, . . . , xk) dxj .
Rewriting this in terms of w1, . . . , wk we obtain
Aˆ = −2i π
g∑
ℓ=g−k+1
k∑
j=1
χℓ(x
1, . . . , xk) γ˜ℓj dw
j + i
k∑
j=1
αj(x
1, . . . , xk) dxj
where the coefficients γ˜ℓj are constant. Since d(
∑
j αj dx
j) = 0 because of the flatness of
∇, it follows that the curvature of ∇ˆ is given by
Fˆ = −2i π
g∑
ℓ=g−k+1
k∑
j,m=1
∂χℓ
∂xj
γ˜ℓm dx
j ∧ dwm .
Since γ˜g−k+jm =
∂ζg−k+j
∂xm
, where the functions ζg+j are those of the equations (10), the
condition Fˆ 0,2 = 0 can be written as
g∑
ℓ=g−k+1
[
∂ζℓ
∂xj
∂χℓ
∂xm
− ∂ζ
ℓ
∂xm
∂χℓ
∂xj
]
= 0 , 1 ≤ j < m ≤ k.
But this is the system of equations (15), therefore when S is Lagrangian, this condition is
automatically satisfied.
Remark 3.15. (The higher rank case.) So far we have for simplicity considered only the
transformation of local systems of rank one. However the higher rank case, under the
same conditions, can be treated along the same lines, obtaining on the Xˆ side holomorphic
vector bundles of the corresponding rank supported on complex submanifolds of Xˆ. △
3.4 Invertibility
In this section we shall prove that the Fourier-Mukai transform we have defined inverts.
However we shall only discuss the inverse transform of rank 1 sheaves. The higher rank
4Also in this case we find that the transformed connection ∇ˆ satisfies the condition of Remark 3.7.
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case requires to consider Lagrangian submanifolds of X which ramify over B, and this will
be done in a future paper.
We shall therefore consider a holomorphic line bundle Lˆ supported on a k-dimensional
complex submanifold Sˆ of Xˆ , equipped with a compatible U(1) connection ∇ˆ. Moreover,
we shall assume that:
(D1) Sˆ intersects the fibres of Xˆ along affine subtori of complex dimension k;
(D2) the horizontal part of the connection ∇ˆ is flat (horizontality is given by the Gauss-
Manin connection);
(D3) the connection ∇ˆ is invariant under the action of T g on Xˆ (cf. Remark 3.7).
These conditions allow us to write the local connection form of ∇ˆ as
Aˆ = i
k∑
j=1
αj(x
1, . . . , xk) dxj + 2i π
k∑
j=1
βj(x
1, . . . , xk) dwj ,
where the functions αj satisfy (as a consequence of D2) the closure condition
∂αj
∂xℓ
= ∂αℓ
∂xj
.
This shows that the restriction of ∇ˆ to any fiber Xˆb of Xˆ → B yields a flat connection on
Lˆ|Xˆb.
Let pSˆ, pˆSˆ the canonical projections ofX×B Sˆ onto its factors. We consider the operator
∇Lˆrˆ = rˆ ◦ (pˆ∗Sˆ∇L ⊗ 1 + 1⊗∇P∨Sˆ )
and in terms of it we define a Fourier-Mukai transform from sheaves on Xˆ to sheaves on
X (notice that we twist with the dual Poincare´ bundle P∨).
Proposition 3.16. L is WITk, and L = RkpSˆ,∗ ker∇Lˆrˆ is supported on a Lagrangian
submanifold S of X such that every intersection Sb = S ∩ Xb is an affine subtorus of
Xb of dimension g − k (when nonempty). Moreover the family of subtori Sb is parallelly
transported by the Gauss-Manin connection ∇GM . Finally, a flat connection ∇ is naturally
induced on L.
Proof. The WIT condition follows immediately from Lemma 3.4. To show the remaining
part of the claim we write local equations for Sˆ as
 x
k+j = ζk+j(x1, . . . , xk) , j = 1, . . . , g − k
wk+j =
∑k
i=1 P
k+j
i (x
1, . . . , xk)wi +Qk+j(x1, . . . , xk) , j = 1, . . . , g − k.
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Performing a fibrewise transform we obtain the following equations for the support S of
the transform L:
yl +
g∑
m=k+1
Pml (x
1, . . . , xk) ym + βl(x
1, . . . , xk) = 0
where l = 1, . . . , k. It remains to show that S is Lagrangian and that the family {Sb}b∈fˆ(S)
is parallelly transported by the Gauss-Manin connection. The latter point follows from
the complex structure of Sˆ (cf. Proposition 3.11): the Cauchy-Riemann equations for
Sˆ imply that the coefficients P k+jl and Q
k+j are constant. As far as the Lagrangian
property of S is concerned, the holomorphicity of Sˆ and Lˆ imply the equations (11) in the
proof of Proposition 3.11 (in Appendix B). Therefore S is Lagrangian. Observe that the
transformed connection ∇ has a 1-form given by
A = i
k∑
j=1
αj(x
1, . . . , xk) dxj − 2i π
g∑
m=k+1
Qm dym ,
whence we can immediatly deduce its flatness.
4 Conclusions
We summarize here the main results of this paper. We have shown that a suitably defined
Fourier-Mukai transform F maps a U(1) local system supported on a Lagrangian subvariety
S of X satisfying the conditions C1, C2 and C3 (cf. section 3.3) into a holomorphic line
bundle Lˆ supported a complex subvariety Sˆ of Xˆ ; moreover Lˆ is endowed with a U(1)
connection such that conditions D1, D2, D3 (section 3.4) are satisfied.
Conversely, if we start with a holomorphic line bundle supported on a complex sub-
variety Sˆ of Xˆ equipped with a U(1) connection ∇ˆ such that conditions D1, D2, D3 are
satisfied, we define a dual Fourier-Mukai transform Fˆ that maps such objects into a U(1)
local system supported on a Lagrangian subvariety S such that conditions C1, C2 and C3
are fulfilled. The explicit forms of the two transforms we have written in sections 3.2 and
3.3 show that the transforms are one the inverse of the other. This parallels the classical
result in [22] and generalizes the one in [2], whose authors consider the case where X and
Xˆ are S1-fibrations over S1 (Xˆ is actually an elliptic curve) and L is a local system on an
affine line S ⊂ X . Observe that in this case the conditions C1, C2, C3 and D1, D2, D3
are trivially satisfied.
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Finally, we would like to comment upon the relation of the construction we have de-
scribed in this paper with Fukaya’s homological mirror symmetry. First we notice that, in
the absence of the B-field and with no singular fibres, our “mirror manifold” Xˆ coincides
with Fukaya’s, also taking into account its complex structure. Let S be a Lagrangian sub-
manifold of X , and β = (L,∇) a local system on it. Fukaya proposes to construct on Xˆ a
coherent sheaf whose fibre at a point (b, α) ∈ Xˆ (where α = (Lα,∇α) is a local system on
the fibre Xb) is given by the Floer homology
HF •((Xb, α), (S, β)) .
This homology may be proved [11] to be isomorphic to
H•−η(Xb,S)(S ∩Xb,Hom∇(Lα,L)) ,
where η(Xb, S) is a Maslov index, and Hom∇(Lα,L) is the sheaf of ∇-compatible mor-
phisms between Lα and L. It is not difficult to show that only one of these cohomology
groups does not vanish (in the correct degree), and that it is isomorphic, up to a dual,
to the fibre of our transform Lˆ. However, the concrete construction done in [12] is not in
terms of Floer homology, but it is an ad hoc one, which may be compared with ours when
X = T 2g, B = T g and S is a Lagrangian embedding of T g. In this case the vector bundle
constructed on Xˆ coincides with ours.
It should be noted that our construction provides on the “mirror side” Xˆ more data,
in that we obtain on Lˆ a connection. It is interesting to note that this connection is not
invariant under Hamiltonian diffeomorphisms of X , while the remaining geometric data on
Xˆ are.
Appendix A
We provide here a sketch of the proof of Proposition 2.14. It involves a number of compu-
tations but it is conceptually very easy, being a generalization of the proof of Proposition
2.7. For further details we refer to [20].
We first consider the case when S is a 1-dimensional affine subtorus of T . The direct
image RipˆS,∗ ker∇L1 is by definition the sheaf associated to the presheaf Uˆ  H i(S ×
Uˆ , ker∇L1 ) ≃ H i
(
Ω•,0(p∗SL⊗ PS)(S × Uˆ),∇L1
)
. When i = 0, take an element s in H0(S×
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Uˆ , ker∇L1 ) and consider its restriction to S × {y}, with y ∈ Uˆ , which is a global section of
L⊗P|S×{y}. This means that P|S×{y} is non trivial for every y in the complement of kerψ,
which is a dense subset of Tˆ (here ψ is the natural map ψ : Tˆ → Hom(π1(S), U(1))). The
same holds for L ⊗ P|S×{y}. Since ∇L1 s|S×{y} = 0 for every y ∈ Tˆ , the restriction of s to
S × {y} vanishes for y in a dense subset of Tˆ , so that s vanishes everywhere.
When i = 1 we need to write the equation of S explicitly. For simplicity we only give
some details in the case dimT = 2. Let (y1, y2) be flat coordinates on T and (w1, w2) flat
dual coordinates on Tˆ . We pick a gauge where the Poincare´ bundle has an automorphy
factor
aP(y
1, y2, w1, w2, λ
1, λ2, µ1, µ2) = e
2πi(λ1 w1+λ2 w2).
The equation of S in the universal cover of T is given by an affine line y2 = ay1 + b. Let
A = y¯1 dy
1 be the connection form of the local system (L,∇L) on S. We need to compute
H1(S × Uˆ , ker∇L1 ). So take an element τ ∈ (Ω1,0(p∗SL⊗PS)(S × Uˆ),∇L1 ). Observe that τ
is closed with respect to ∇L1 because dimS = 1. If we let
τ = φ(ξ, w1, w2) dξ
where ξ is the natural coordinate on S, the automorphy condition satisfied by τ can be
expressed in the form
φ(ξ +
√
p2 + q2, w1, w2) = e
p(w1+w¯1)+qw2φ(ξ, w1, w2)
having set a = q/p with q, p coprime.
Suppose that τ is exact so that we can write τ = ∇L1 s where s ∈ C∞(S × Uˆ , ker∇L1 ).
Then s can be written in the form
s(ξ, w1, w2) =
∫ ξ
0
φ(u, w1, w2)du+ c(w1, w2)
but this is well defined if and only if the automorphy condition is satisfied, and one can
easily check that this amounts to
c(w1, w2)(1− e2πi(p(w1+w¯1)+qw2)) = −
∫ √p2+q2
0
φ(u, w1, w2) du.
This equation may be solved for c in the complement of the set Sˆ defined by
w2 = −1
a
w1 − w¯1
a
;
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thus, arguing as in Proposition 2.7, we obtain that the support of R1pˆS,∗ ker∇L1 is exactly
Sˆ.
To compute the sheaf R1pˆS,∗ ker∇L1 we note that the map
̟: Ω1,0(p∗SL ⊗ P)(S × Uˆ) → C∞(Sˆ ∩ Uˆ)
τ 7→ −
∫ √p2+q2
0
φ(u, w1, w2) du
is surjective: if f ∈ C∞(Sˆ ∩ Uˆ) and s is a section of the Poincare´ bundle over S × Sˆ, then
the 1-form τ = φ dξ defined by
φ(ξ, w1, w2) = β s(ξ, w1) f(w2),
with 1/β = − ∫√p2+q2
0
s(u, 0) du, satisfies ̟(τ) = f and the correct automorphy condition.
Thus, H1(S × Uˆ , ker∇L1 ) = C∞(Sˆ ∩ Uˆ).
The transformed sheaf is endowed with a flat connection induced by ∇L2 , the (0, 1) part
of the connection p∗S∇L ⊗ 1 + 1 ⊗∇PS , because the anticommutator between ∇L1 and ∇L2
equals the curvature of the Poincare´ bundle, which restricts to zero on S×Sˆ (cf. Proposition
3.2).
Of course, RipˆS,∗ ker∇L1 = 0 for i > 1 because S is 1-dimensional. This proof is
extended to the case dimS > 1 by using a Ku¨nneth formula.
Appendix B
Here we prove Proposition 3.11. For notational convenience we suppose that k ≤ g/2; the
complementary case k > g/2 can be treated similarly. In the action-angle coordinates x, y
we can write the local equations for S as{
yg−k+j = ηg−k+j(x
1, . . . , xk, y1, . . . , yg−k) , j = 1, . . . , k
xk+i = ζk+i(x1, . . . , xk) , i = 1, . . . , g − k (10)
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Since S is Lagrangian one has

δmj +
g∑
ℓ=g−k+1
∂ζℓ
∂xj
∂ηℓ
∂ym
= 0 , j,m = 1, . . . , k
∂ζk+i
∂xm
+
g∑
ℓ=g−k+1
∂ζℓ
∂xm
∂ηℓ
∂yk+i
= 0 , i = 1, . . . , g − 2k;m = 1, . . . , k;
g∑
ℓ=g−k+1
[
∂ζℓ
∂xj
∂ηℓ
∂xm
− ∂ζ
ℓ
∂xm
∂ηℓ
∂xj
]
= 0 , 1 ≤ j < m ≤ k.
(11)
The equations of the subtori Sb can be written in a linear form
yg−k+j =
g−k∑
m=1
amg−k+j(x
1, . . . , xk) ym + χg−k+j(x
1, . . . , xk) , j = 1, . . . , k . (12)
To find the equations of Sˆ we shall perform a fibrewise transform and use the Ku¨nneth
formula as in Proposition 2.8. First we split every subtorus Sb as a product of 1-dimensional
tori ri(b) which have linear equations given by{
yl = 0 , l = 1, . . . , g − k, ℓ 6= i;
yg−k+j = a
i
g−k+j(x
1, . . . , xk)yi + χg−k+j(x
1, . . . , xk) , j = 1, . . . , k.
Observe that we can also split the local system L on Sb as a box product of local systems
Li(b) on ri(b) where i = 1, . . . , g − k. Transforming the local system Li(b) on ri(b) we get
the following equation for the support of Li(b) (see Appendix A):
wi +
g∑
ℓ=g−k+1
γiℓ(x
1, . . . , xk)wℓ + ξi
where the constant term ξi describes the automorphy of Li (here i is fixed), and the matrix
γiℓ satisfies the condition
∑g
j=1 γ
j
ℓ a
i
j = 0. Then Sˆ is the intersection of the supports rˆi, so
that its equations are of the form
wk+i =
k∑
j=1
γ˜k+ij (x
1, . . . , xk)wj + ςk+i(x1, . . . , xk) , i = 1, . . . , g − k (13)
together with the second set of equations (10). Here we have solved with respect to
w1, . . . , wk. These equations may be used to replace the functions η in (10), thus getting

δmj +
g∑
ℓ=g−k+1
∂ζℓ
∂xj
amℓ = 0 , j,m = 1, . . . , k
∂ζk+i
∂xm
+
g∑
ℓ=g−k+1
∂ζℓ
∂xm
ak+iℓ = 0 , i = 1, . . . , g − 2k;m = 1, . . . , k
(14)
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g∑
ℓ=g−k+1
[
∂ζℓ
∂xj
∂χℓ
∂xm
− ∂ζ
ℓ
∂xm
∂χℓ
∂xi
]
= 0 , 1 ≤ j < m ≤ k. (15)
The solution of (14) is
∂ζk+i
∂xj
= γ˜k+ij , j = 1, . . . , k, i = 1, . . . , g − k . (16)
If the submanifold S is Lagrangian, the conditions (16) admit solutions in ζ . We must check
that the support Sˆ is holomorphic, i.e., the equations that define it fulfil the Cauchy-
Riemann conditions. The latters are satisfied if and only if the coefficients γ˜k+ij do not
depend on the x’s, but this is true if and only if the coefficients γk+ig−k+1 are in turn inde-
pendent of the x’s. As a result, we have proved that when S is Lagrangian, the tangent
spaces to the Sb’s are parallelly transported by ∇GM if and only if Sˆ is holomorphic.
One may note that the coefficients χj play no role in the specification of the complex
structure of Sˆ. Moreover, let us remark that equation (13) shows that the intersections of
the support Sˆ with the fibres Xˆb are affine subtori.
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